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• Typical energy scales
Microwaves, 1- 30 GHz
• Associated temperatures
T ~ 0.05 - 1.5 K
• Work in dilution refrigerators
T ~ 11-20 mK
• Superconductors:
Al, Nb, ...
• Size, heating? Interface to outer world?
Amplification & detection? ...
Microwave light and artificial atoms
Waveguide:
Confined electromagnetic 
field among two or more 
conducting plates, on an 
isolating substrate.
Strong coupling
A. Wallraff et al, Nature 431, 162 (2004)










A. Wallraff et al, Nature 431, 162 (2004)
Molecular nanomagnets
A. Gaita-Ariño et al, Nat. Chem. (2019)
M.D. Jenkins et al Dalton Trans. (2016)
Towards single-molecule strong coupling.











From spectroscopy assisted by 
coplanar waveguides, to qubit-cavity 
coupling in c-QED
Also: a many-body Ising model that 









gN ≈ 0.01 GHz
T2 ≥ 0.01 ms
Ultrastrongly coupled circuit-QED
P. Forn-Díaz et al PRL 105 237001 (2010)T. Niemczyk et al, Nature Physics 6,772–776 (2010)
Non-RWA spectra






Resonance fluorescence of a signle artificial atom








𝑔 ≫ 𝜅, 𝛾
Ultrastrong coupling




𝛾𝑙 ≃ Δ,𝜔 ≫ 𝛾
Ultrastrong coupling in open lines
P. Forn Díaz et al, Nat. Phys. 13, 39 (2017)
Ultrastrong coupling in open lines




Indirect probes of the system dynamics
𝑆𝑜𝑢𝑡,𝑖𝑛 = ⟨𝜓𝑜𝑢𝑡 𝑈 𝜓𝑖𝑛⟩
For instance, 
𝑆𝜔𝑜𝑢𝑡,𝜈𝑖𝑛 = ⟨𝑔, 0 𝑎𝑜𝑢𝑡
+ 𝑈𝑎𝑖𝑛 𝑔, 0⟩
Beyond usual open quantum systems
System
BATH
• Frontier between the system and 
bath diffuses (correlations)
• Usual approximations break down, 
but others may emerge
• Bath influenced by the system.
• We can use the bath to control 


















𝐽 𝜔 = 2𝜋෍
𝑘
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Tool #1: Matrix Product State ansatz
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B. Peropadre et al. PRL 111, 243602 (2014)






























Ԧ𝑓 = 𝐽 + ෩Δ
−1
Ԧ𝑔
෩Δ = Δ e−2 σ𝑘 𝑓𝑘
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Self-consistent calculation in position space

















































V. Paulisch, T. Shi, JJGR, arXiv:1810.08439
Single-excitation manyfold (RWA!)
We compare MPS simulation with the 
subspace of one excitation:
• The model becomes RWA 
automagically.
• The numerical simulations for 
spontaneous emission dynamics and 
spectra agree with the original model 
up to large α ~ 0.35 (red)
cv
cv




𝑒−𝑖 𝐸𝑓−𝐸𝑖 𝑡 𝜓𝑓 𝑈(𝑡, 0) 𝜓𝑖
𝑆𝑓,𝑖 = 𝑆𝑓,𝑖
𝑢𝑛𝑐𝑜𝑟𝑟 − 2𝜋𝑖𝛿 𝐸𝑓 − 𝐸𝑖 𝑇𝑓,𝑖
Dyson series
Exact resummation
V. Paulisch, T. Shi, JJGR, arXiv:1810.08439T. Shi, Y. Chang, JJGR, PRL 120, 153602  (2018)
Resonance spectrum (reflection)
Fitting to experiments
































































Well known tool from Condensed 
Matter Physics and strongly 
correlated electrons.
Feiguin, A.E. and Allerdt, A.
Frontiers in Physics, 7, p.67 
(2019)





























Remaining orthogonal modes 
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See also A. W. Chin et al, Journal of Mathematical Physics 51, 092109 (2010)





























Remaining orthogonal modes 
found by Lanczos recursion
See also A. W. Chin et al, Journal of Mathematical Physics 51, 092109 (2010)









Tool #3: Matrix Product State ansatz
σ𝑧 b0 b1 bN⋯Chain mapping
A A A A ATensor network
representation
σ𝑧 𝜔0 𝜔1 𝜔N⋯Spin-boson
Local Hamiltonian enables simpler, Trotter evolution.




































Lan Zhou et al, Phys. Rev. A 78, 063827 (2008)
A. Gonzalez-Tudela et al Phys. Rev. Lett. 106 (2011)
Subradiant states





A. Feiguin, JJGR, A. González-Tudela, arXiv:1910.00824
Corner states
Removed
A. Feiguin, JJGR, A. González-Tudela, arXiv:1910.00824
Corner states in 1D
A. Feiguin, JJGR, A. González-Tudela, arXiv:1910.00824
Corner states in 1D
Ultrastrong 
couplingA. Feiguin, JJGR, A. González-Tudela, arXiv:1910.00824
Tuning the emitter & coupling




Corner states in 2D and 3D
A. Feiguin, JJGR, A. González-Tudela, arXiv:1910.00824
DMRG DMRG
Main ideas
• Access to new regimes of light matter 
interaction in the lab
• Theoretical tools to analyze ultrastrong 
coupling photonics
• Enabling tool to test many fundamental 
approximations.
• Interesting prospects for two or more 
scatterers.
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